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Abstract 

Let Z(Ann{r, R)) be the class of all continuous functions / on 
the annulus Ann{r, R) in the real hyperbolic space B" with spherical 
means Msf[x) = 0, whenever s > and x G B" are such that the 
sphere Ss{x) C Ann(r, i?) and Br{0) C Bs{x). In this article, we 
give a characterization for functions in Z(Ann(r, R)). In the case 
R = oo, this result gives a new proof of Helgason's support theorem 
for spherical means in the real hyperbolic spaces. 

AMS Classification: 30F45, 33C55, 43A85. 



1 Introduction 

Let g he a continuous function on the open annulus {x E M.'^ : r < \x\ < 
R)}, < r < R < oo, d > 2. We say that g satisfies the Vanishing Spherical 
Means Condition if 

/ 9{y)d(Ts{y) = 

J\x-y\=s 

for every sphere {y E M.'^ : \x — y\ = s} which is contained in the annulus 
and is such that the closed ball {y E Mf^ : \y\ < r} is contained in the closed 
ball {y G M'^ : \x — y\ < s}. Here dag is the surface measure on the sphere 
{y eW^ : \x - y\ = s}. 

For a continuous function g on M*^, let 

oo dfc 

^?(^) = EE (1-1) 

k=0 j=l 

be the spherical harmonic expansion, where x = puj,p = \x\,uj G S"^~^ and 

{Ykj{uj) : j = 1,2, dk} is an orthonormal basis for the space Vk of 

homogeneous harmonic polynomials in d variables of degree k restricted to 
the unit sphere S"*^"^. Then the following interesting results has been proved 
in |EKj by Epstein and Kleiner: 

Theorem 1.1. Let g be a continuous function on the annulus {x G M'^ : r < 
|x| < -R}, < r < R < oo. Then g satisfies the Vanishing Spherical Means 
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Condition if and only if 



k-l 
1=0 

for all k > 0, 1 < j < dk, and ao{p) = whenever r < p < R. 

In this paper, we investigate the following analogous problem for spherical 
means in real hyperbolic spaces. Let = {x e M" : |xp = ^3;^ < 1} 
be the open unit ball in M", n > 2, endowed with the Poincare metric 
ds^ = X\dxl + ■■■ + dxl), where A = 2(1 - Ixp)"!. Let 5,(0) = {x eW : 
d{x, 0) < s} be the closed geodesic ball of radius s with centre at origin and 
Ann(r, i?) = {x G B"- : r < d{x,0) < R}, < r < _R < cx), be an open 
annulus in B". 

For s > 0, let ps denote the surface measure on the geodesic sphere 
Ss{x) = {y eM"' : d{x, y) = s}. Let / be a continuous function on B*^. Define 
the spherical means of / by 

Msfix) = ^ / f{y)dp{y), X e B", (1.2) 

where A{s) = (fi„)-i(sinhs)-"+^ 

Let Z(Ann(r, i?)) be the class of all continuous functions on Ann(r, i?) 
with the spherical means Msf{x) = 0, whenever s > 0, and x G B*^ are such 
that the sphere Ss{x) C Ann(r, i?) and ball Br{0) C Bs{x). 

Our main result is the following characterization theorem. 

Theorem 1.2. Let f be a continuous function on Ann{r,R). The a neces- 
sary and sufficient condition for f to be in Z{Ann{r, R)) is that its spherical 
harmonic coefficients akj{p) satisfy 

afci(p) = E^^ / "n+L ' V J, 1 < J < d,{n) and k > 1, Q,^. G C 

i=l ^ 

and aQ^p) = whenever tanh | < p < tanh ^. 

As the authors in |EKj have observed, their result for Euclidean spherical 
means, can be used to derive result for some cases, real hyperbolic spaces 
being one of them. We would however like to give a direct proof of Theorem 
11.21 using the underline geometry of the real hyperbolic spaces. The case of 
other real rank one symmetric spaces can be dealt with in a similar way. 
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2 Notation and Preliminaries 



We begin with the reahzation of real hyperbolic spaces ( see [Mj, |Re] ) . Let 
0(1, n + 1) be the group of all linear transformations which preserve the 
quadratic form 



n+l 



(y, y) = yl-^ Vi, y = (z/o, i/i, • • • Vn+i] 



i=l 



on M""*"^. This group is known as the Lorentz group and is equal to 
{g e M„+2(K) : g'Jg = J,J = diag(l, -1, . . . , -1)}. 
In particular, 0(1, n + 1) leaves invariant the cone 

With the inhomogeneous coordinates rji = yi/yo ,i = 1, . . . ,n + 1, the 
relation {y, y) = would imply that rj is in S"' = {rj E R"+^ : |?7| = 1}. Thus 
a point on C gets identified with a point on the sphere 5". Conversely for 
r] G S'", ?7* = (1, r/i, . . . , ?7„+i) gives a point on the cone C. As g E 0(1, n + l) 
acts on rj* and grj* E C, g acts on 5" via the above identification. More 

explicitly, grj* can be identified with the point ( \^ , . . . , i^ILh^\ 

\{9V*>o {9V*)o J 

S"". {{gri*)o is nonzero, as rj* is nonzero and gt]* is in C. ) 

Let 0±(l,n + l) = 0(l,?i + l)/{±/} be the subgroup of 0(1, n + l) which 
leaves invariant the positive cone 

C+ = {y = (yo, 2/1 ... , Vn+i) G K"+' : (y, y) = yl - Eti vl > o, yo > 0} . 

Equivalently, 0±(l,n + 1) is equal to 

{g e A'/„+2(M) : g'Jg = J,J = diag(l, -1, . . . , -1) with goo > 0}, 

where 5^00 is the top left entry in the matrix of g. In particular, 0-|-(l,n + 
1) leaves the cone 0° = {?/ G M""*"^ : {y,y) = 0, yo > 0} invariant. More- 
over, as the action of g and —g in 0(1, n + 1) on the sphere S'" coincides, 
0-|-(l, n + l) also acts on S*". In fact, this is the group of Mobius transforms 
on S*". The real hyperbolic space B" is then isomorphic to the quotient space 
5*0-1- (l,n)/S'0(n). This isomorphism is established as follows. 

We identify S"^ \ {e„+i} with M" under the stereographic projection from 
the point e„+i = (0, ...,0, 1) G M""*"^ onto the plane r]n+i = 0. Then the 
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0±{1, n + 1) action on 5"" induces an action on U {00} and vice versa. It 
turns out that the subgroup of 0±{1, n + 1) which stabihzes B" is isomorphic 
to 0±(l,n). This can be seen as follows. 

Let ) G B". Then the inverse stereographic projection of 

?7 G S*" of X is given by 

= TTT~ii' ^ = 1 • • • , and 7]n+i = \^\^ , ] ■ (2.3) 

Therefore, x G B*^ if and only if r]n.+i < 0. Thus a subgroup of 0±{l,n + 1) 
stabilizes the open unit ball B" if and only if it stabilizes the lower hemisphere 
{r] E S"' : r]n+i < 0}. This subgroup in turn is isomorphic to 0±{l,n), (see 
jM]). The elements of this subgroup realized as elements of 0±(1, n + 1) look 
like 

'9 

1 

with g G 0±{1, n). Moreover, this action of 0±(1, n) on B" is transitive and 
the orthogonal group 0{n) thought of as 

10 
g 

inside 0-i-(l,?7,) is the isotropy subgroup of the point origin in the ball B'^. 
Thus B" is isomorphic to the quotient space 0±{l,n) / 0{n). Likewise, B" = 
SO±{l,n) / SO{n). Let G = SO±{l,n) and K = SO{n). Hence onwards, we 
will work with the representation G/K of B". Using the G-invariant metric 

dyQ — dy\ — - dy"^ on the positive cone yQ — yf — - = 1, yo > 0, B" can 

be endowed with a G-invariant Riemannian metric given by ds"^ = X'^\dx\'^. 
The distance d{x,y) between points x, ?/ G B", in this metric, is then given 
by the formula 

tanh -d{x,y) ^ 



2 ^1 — 2x.y + 

This makes (B" , d) into a Riemannian symmetric space. Group theoretically, 
B" = G/K is a. real rank one symmetric space. 

Further, let G = KAj^K be the Cartan decomposition of G, where 

cosh I sinh | 
A = <( I J„_i I : t G 
sinh I cosh | 
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is the maximal abelian subgroup of G and is the Weyl chamber {at : 
t > 0}. Let M be the centrahzer {k e K : ka = ak,^a e A} oi A in K. 
Therefore, M is given by 














m 


:) 


: m G SO{n 












Thus the boundary S^~^ of B" gets identified with K/M under the map 
crM — > a.Cn-, a e K where e„ = (0, 0, . . . , 1) e and the elements of G/K 
can be thought as pairs {at,u!), t > 0, uj E Sn-i- The point {at,Lj) then is 
identified with the point (cosh |, sinh ^.u) on the positive cone in M"+^ and 
this point in turn, is identified with the point tanh |u; in B". 

Next we recall certain standard facts about spherical harmonics, for more 
details see [T], p. 12. 

Let Km denote the set of all the equivalence classes of irreducible unitary 
representations of K which have a nonzero M-fixed vector. It is well known 
that each representation in Km has in fact a unique nonzero M-fixed vector, 
up to a scalar multiple. 

For a 5 e Km, which is realized on Vs, let {ei, . . . , ed(s)} be an orthonor- 
mal basis of Vs, with ei as the M-fixed vector. Let = {ei,S{a)ej), 

a & K and (, ) stand for the innerproduct on Vs. By Peter- Weyl theorem, it 
follows that {^/d(5)4^ : I < J < d{5),5 e Km} is an orthonormal basis of 
L\K/M). 

We would further need a concrete realization of the representations in 
Km, which can be done in the following way. 

Let Z+ denote the set of all non- negative integers. For k G Z"*", let Pk 
denote the space of all homogeneous polynomials P in n variables of degree 
k. Let Hk = {P G Pk '■ AP = 0} where A is the standard Laplacian on W^. 
The elements of Hk are called the solid spherical harmonics of degree k. It is 
easy to see that the natural action of K leaves the space invariant. In fact 
the corresponding unitary representation Hk is in Km- Moreover, Km can be 
identified, up to unitary equivalence, with the collection {vTfc : k G Z+.j 

Define the spherical harmonics on the sphere S'"'"^ by Ykj{uj) = \/dkP^^{a), 
where u = cr.e„ G 5""^, a E K and dk is the dimension of Hk- Then 
{Ykj '■ 1 < j < dk, k E forms an orthonormal basis for L^(S'"'~^). There- 
fore, for a continuous function / on B", writing y = pu, where < p < 1 
and u! G S"'~^, we can expand the function / in terms of spherical harmonics 
as in the fl 1.1 I) For each non negative integer k, the fc*'* spherical harmonic 
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projection, Hkif) of the function / is defined by 

3 Auxiliary results 

We begin with the observation that the i^-invariance of the annulus and the 
measure /i^ imphes that for any / in Z{Ann{r, R)) and k G Z"*", Ilk{f), as 
defined in equation fl 2.4 I) , also belongs to Z{Ann{r, R)). In fact the following 
stronger result is true. 

Lemma 3.1. Let f G Z{Ann{r, R)) . Then each spherical harmonic projec- 
tionUkif) belongs to Z{Ann{r, R)) and akj{p)Ykj{uj) G Z{Ann{r, R)) \/ j, 1 < 
j < dk and for all k > 0. 

Proof. Since the measure fig and space Ann(r, R) both are rotation invariant. 
Therefore, it is easy to verify that, if / G Z(Ann(r, i?)), then the function 
/(r.y) G Z{Ann{r, R)) for each t & K. Since space Hk is /^-invariant, 
therefore for t & K and a spherical harmonic Ykj, we have 

dk 
m=l 

Hence from the equation fl 1.1 I) , the function f(T~^.) can be decomposed as 

dk 

/(r'V^) = XI afci(p)C(r)yfcm(w). 

fc>0 j,m=l 

Since, the set {t^^ '■ ^ < j,Tn < dk,k > 0} form an orthonomal basis for 
L'^{K). Therefore, 

afc,(p)n™M=4 / /(r-V)C/(r)rfrGZ(Ann(r,i?)). 
Jk 

Subsequently, each projection Hkif) belongs to Z(Ann(r, i?)). □ 

Next we need the following explicit expression for action of G on B", 
which has been derived in [J]. 
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Lemma 3.2. Let g G G and x G B". Then g.{xi, . . . Xn) = {yi,...,yn), 

where 



-900 + Ya=i 9om 



y.- 2 ^ ^1 = 1 ^J'-' .O.N 



Proof. By equation f l 2.3 p . a point x G B" is mapped to the point rj ^ S"- 
via the the inverse stereographic projection. By definition, for g ^ G, 

where a = (oq, • • • , a„, 77n+i) and aj = gjo + ^"=1 9jiVh / = 0, 1, . . . , n. Since 
the cone G^ is G-invariant, it follows that ao > 0. In the inhomogeneous 
coordinates, introduced earlier, the point a gets identified with the point 

«! an Vn+1 



on the sphere 5". The image of this point, under the 
stereographic projection is the point y = (yi, . . . y„) G B", where 

aj/ao . 
Vj = J = l,•••,^^• 
That is 

_ 9jo + Ya=i 9m ■ _ . 

Vj , v-^n ; ] i, . . . , Ti. 

fi'OO + 1^1=1 90lVl - Vn+1 



Since we know that 



2xi bp — 1 



= 1 I I 12 ' ^ = 1 • • • , ^, ^n+l I y2 , T 

1 + |xp |a;|^ + 1 
a simple computation gives 

l-|xP , {l+\x\2) . ' ^ i-,---,n. 

— 2 ' 2 fi'OO + 1^1=1 901^1 



□ 



As in the proof of the Euclidean case [EK] . to characterize functions in 
Z{Ann{r, R),) it would be enough to characterize the spherical harmonic 
coefficients of smooth functions in Z(Ann(r, R)). This can be done using the 
following approximation argument. 
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Let ip^ be nonnegative, /T-biinvariant, smooth, compactly supported ap- 
proximate identity on G/K. Let / G Z(Ann(r, i?)). Then / can be thought 
as a right i^-invariant function on G. Define 

SeU){9)= f figh~')ip,ih)dh, geG. 



JG 

Then S^{f) is smooth and it is easy to see that S^{f) G Z(Ann(r + e, i? — e)) 
for each e > 0. Since / is continuous, S^{f) converges to / uniformly on 
compact sets. Therefore, for each fc, 

iimnfc(^,(/)) = nfc(/). 

€—♦0 

Hence, we can assume, without loss of generality, that the functions in 
Z(Ann(r, i?)) are also smooth in the annulus Ann(r, i?). 

We next introduce right i^-invariant differential operators on G/K which 
leave invariant the space Z(Ann(r, i?)). These differential operators arise 
naturally from the Lie algebra q of G, in the following way. They also appear 
prominently in the work of Volchkov on ball means in real hyperbolic spaces, 
(see jV], p. 108). 

Let g = 6 + p be the Cartan decomposition of the Lie algebra g of G. 
Here i is the Lie algebra of K and p its orthogonal complement in g with 
respect to the killing form B{—, —). Let Xi = E^i + EiQ, i = 1, . . . ,n and 



^ ^ i < j ^ where Eij G gln+i(^) is the matrix with 
entry 1 at the zj*^ place and zero elsewhere. Then {Xi : i = 1, . . . ,n} and 
{Xij : 1 < i < j < n} form bases of p and i respectively. 

Let / G C°°(]B"). Then / can be thought as the right Ji'-invariant func- 
tion on G. For given X G g, let X be the differential operator given by 



iXf)igK) 



For X = Xp e p, let 



Tt,p = exp tXp 



d 
dt 



fiexptXgK). 



t=o 



( cosh t 


sinht 
\ 








sinht 


cosht 










(3.6) 



for t G M. Let X G B". Then by Lemma EH, Tt^p.x = ?/ G B", where 
Xju{t, x), ii j ^ p and yp = {xp cosht + (1 + \x\'^)^^Y^)u{t, x), u{t, x) = 
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(cosh^ I + XpSinht + |xpsin^|) ^. Rewrite Tt^p.x as T{t,x). Then r is a 
different iable function on M x M" into and from fl 3.6 I) , we liave 

|(/or(t,x)) = /'(r(t,x))|j(t,x) = ^2^^ 



^% dt 



Evaluating tlie above equation at t = 0, we get 



|(/or(t,x)) 



t=o 



t=o 



%7 
9t 



i=0 



(3.7) 



A straiglitforward calculation then gives, 



dt 



Substituting these values in f l 3.7 I) , we get 



X, = -(l 



d 



\x\ 



■—-y 

dx„ ^ 



p= l,...,n. 



The following lemma is a crucial step towards the proof of our main 
result. 

Lemma 3.3. Suppose f is a smooth function belonging to Z{Ann{r, R)) . 
Then Xpf G Z{Ann{r, R)), V p, 1 < p < n. 

Proof. For t G M, define 

ei = sup d{Tt.p.y,y) and €2 = sup d{Tt^p.y,y). 

Then it is easy to see that the translated function Tt^pf defined by Tt^pf{y) = 
f^Tt^p.y), ?/ G B" belongs to Z(Ann(r + ei,R — €2)). Therefore, 



Ssix) 



Sa{Tt,p.x) 



whenever Ss{x) C Ann(r + ei, R — €2) and i?r+ei(0) C Bs{x). As t — > 0, this 
implies 

^ iTt,p.OdfisiO = 0, 
Ss{x) <^l^ t=0 



whenever Ss{x) C Ann(r, R) and Br{0) C Bs{x). Hence Xpf G Z(Ann(r, R)). 

□ 
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A repeated application of Lemma 13.31 leads naturally to a family of dif- 
ferential operators which we now introduce. These operators also appear in 
the work of Volchkov ([Vj, p. 108) in the problems on averages over geodesic 
balls in real hyperbolic spaces. Let C^(0, 1) denote the space of all differen- 
tiable functions on (0, 1). For m G Z, the set of integers, define a differential 
operator on C^(0, 1) by 



{Amf){t) :- 



d 



t) fit) 



(3. 



The Laplace-Beltrami operator Cx on B" is given by 



\x 



2\n 



d 



\x 



2\2-n 



d_ 

dxi 



The radial part Cs of Cx is given by 



92 d 
A = — + (n-l)coth.- 

and satisfies the Darboux equation MgC^ = j^sMg. 
For any positive integer k, let 

Ck = C-4:{k- l)(n + k- 2)Id. 

Let f{x) = a{p)Yk{uj), where Yk is a spherical harmonic of degree k. Then, 
a simple calculation shows that 

^kf{x) = Ak-iA2-k-na{p)Yk{uj), X = pu. 

Lemma 3.4. Let x = pu, < p < 1 and u G S*""^ and k > 0. Suppose the 
function f{x) = a{p)Yk{uj) G Z{Ann{r, R)) . Then following are true. 

(i) A2-k-na{p)Yi^k-i)j{i^) e Z{Ann{r,R)),k > 1 and 1 < j < 4-i(n), 

(ii) Aka{p)Y^k+i)i{^^) G Z{Ann{r, R)), k > and 1 <i < dk+i{n), 

(iii) Ai^k-nAka{p)Yk{uj) belongs to Z{Ann{r, R)), k > and 

(iv) Ckf{x) = Ak-iA2-k-na{p)Yk{Lu) G Z{Ann{r,R)), k>l. 
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Proof. Let k > 1. Let P{x) = p^Yk{uj) and a(p) = p^^a^p). Then f{x) = 
a{p)P{x), where P{x) G Hk. By Lemma the function 2Xpf G Z(Ann(r, R)) 
V 1 < j9 < n. A straightforward calculation then gives 

2^„;.((i^|_2M).,P + (l.p^,a|l. (3.9) 

Further, 

where Pfc+i G (for a proof, see |EKj ). Let I = 2 — k ~ n, then fl 3.9 p 

gives 

~ , f(l-p'^)da \f p2 ^px 



p dp J \ k — I dxp J dxp 

After a rearrangement of terms, we get 

2{k-l)Xpf = {k-l)( ^^~^'^ ^-2ka)Pk+i 



p dp 

p(l -p')^- 2kp^a + {k-l){l + p2)a^ 

bp 



9p / dx 



Since a(p) = p"*^ a(p), = —kp~^~^a + p~^ — . Using this in the above 

op op 

equation, we have 

2(k-l)XJ = (<:-/) ('(l-p=)^-*tLi^a')p-'-'ft+i 



9p p J dxp 

Also the operator A^, given by fl 3.8 p . can be rewritten as 

4 =a-a^-™A + ''' 



dt t 
Thus f l 3.10 p can be rephrased as 

dP 

2{k - l)Xpf = Akaip)p~''~'Pk+i + A2„fc_„a(p)p^'=+i— G Z(Ann(r, R)), 

whenever 1 < p < n. Consequently, by Lemma l3m we get Aka{p) p~^~^ Pk+i G 

dP 

Z(Ann(r, R)) and A2-k-na(.p) p~''~^^ t{ — are in ZfAnnfr, R)) and in particular 

OXp 

A2-k-na{p) y(fe-i)j(u;) and Aka{p)Y(^k+i)i{^^) are in Z(Ann(r, i?)). 

The assertions (iii) and (iv) can be obtained by composing (i) and (ii). □ 
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4 Proof of the main result 

In this section we prove our main result Theorem II .21 We first take up the 
necessary part of the theorem. 

Proposition 4.1. Let f be a radial function in Z{Ann{r, R)) . Then / = 
on Ann{r, R). 

Proof. By hypothesis 

f{p)dfis{y) = 0, 



'Ss{x) 

whenever x G is such that the sphere Ss{x) C Ann(r, R) and ball Br{0) C 
Bs{x). Evaluating at x = 0, this implies 

/ filyDdpsiu) = 0, whenever R> s > r. 

Thus /(tanh f ) = 0, i? > s > r. □ 

Proposition 4.2. Let f{puj) = a{p)Yk{uj) G Z{Ann{r, R)),k > 1. Then a{p) 
is given by is given by 

'^(p) = 5^ n+k-2 ' ^* ^ whenever tanh - < p < tanh — . 

i=l ^ 

(4.11) 

Proof. We use induction on /c. For /c = 1, let f{puj) = a{p)Yi{u) G Z(Ann(r, R)). 
Using Lemma IH^ ii). it follows that Ai_na{p)YQ{uj) belongs to Z(Ann(r, R)). 
Therefore, by Proposition 14.11 y4i_„a(p) = 0, on Ann(r, i?). On solving this 

(\ n— 1 
p ~ P ) 

Next we assume the result is true for k. Suppose f{puj) = a{p)Yk+i{uj) G 
Z(Ann(r, i?)). An application of Lemma [3^ ii) gives Ai_k-n(i{p)yk{^) ^ 
Z(Ann(r, i?)). Using the result for k and the definition of Ai^k-n, it follows 
that 

{l-p2yk-n-Qp \yp-P) = E ^« pn+k-2 ' 

Simplifying this equation and integrating both sides with respect to p, we 
obtain 
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Hence 



whenever tanh | < p < tanh ^. □ 

Now, we shall prove the sufficient part of Theorem ll.2[ For this, without 
loss of generality, we may assume that R = oo. The idea of the proof is 
to use the asymptotic behavior of the hypergeometric function and compare 
it with that of the coefficients given in fl 4.11 p . In the proof, we need, the 
following result from |EMOTj . p. 75. 

Lemma 4.1. The general solution of the hypergeometric differential equation 

z{l - z)U" + {7 - (a + /3 + l)z}U' - a/3U = 0, (4.12) 

where a,j3,'-]' are independent of z, in the neighborhood of 00 is given in the 
following way. If a — (3 is not an integer then 

U{z) = + X^z-^ + O (^"""^) + O {z-^-^) , 

otherwise or z~^ has to be multiplied by a factor of logz. 

Theorem 4.2. Let y = puj, lu e S*""^ and tanh | < p < 00. Let h{y) = 
a{p)Yk{uj) with 



k 



<P) = E^^^^T^^-^' ^ ^^"^ ^ ^ Z{Ann{r, 00)). 



1=1 



Proof. We use the induction hypothesis on k. Let k = 1 and h{y) = 

/ \n—l / \ n— 1 

a{p)Yi{Lj) = — p) Yii^)- Then the function f ^ — pj Yo{u!) is 

identically zero and therefore it belongs to Z(Ann(r, 00)). Using Lemma 
I3.4( ii). we have 



\ n—l 



AoAi_n - pj Yi{uj) = AoAi_r,h{y) = 0. 

Thus Cyh{y) = 0. Again by Darboux's equation CgMgh = MgCyh, the above 
leads to Cs{Msh) = 0. Define Fi{s, x) = Msh{x). For fixed x, Fi as a function 
of s satisfies the differential equation 

— ^ + n - 1 coth s — ^ = 0. 4.13 

OS^ OS 
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Setting z = — sinh^ s then, we get 

= = -sinh2s— — , — ^ = (sinh2s, 

After substituting these values in fl 4.13 I) , we obtain 



— 2 cosh 2s- 



- Az{l - z)^ - 2{n -{n + l)}z^ = 0. 



dz 



dz 



(4.14) 



Comparing this equation with fl 4.12 I) , we get 7 = f , a+[3+l = a/3 = 0. 
For a = 0, P = The solution of fl 4.14 p as \z\ — > oo is given by 



Fi{z,x) 



Xi(x)z ~ + (z 



("-!) 1 



if 



(n-1) 



Z; 



A2(a;)2; 2 log z + O I z 



(n-l) 



otherwise. 



(4.15) 



On the other hand for x = g.o, g & G 

1 



Msh{x) 



Ais) 
1 



Ss{x) 



h{y)dfis{y), 
h{g~^.y)dns{y)- 



Ss{o) 



From above the equation, it follows that 

Msh{x) = 0{^ a(tanh|) 



, as s ^ 00. 



(4.16) 



From f l 4.16 p one can conclude that any function of type hiy) = a{p)Yk{uj) 
must satisfies the relation Mgh^x) = 0(a(tanh|)). In fact, for k = 1, 



a(tanh ■ 



s s 
cosh - sinh - 
2 2 



-(n-l) 



2{«-i) \z\-^ . (4.17) 

From fl 4.16 p and fl 4.17 p . we have Fi(z,x) = 0{z~^^~2^), as |2;| ^ 00. In 
view of fl 4.15 p . we infer that Fi{z,x) = 0, whenever \z\ > sinh^r. Thus 
Msh{x) = 0, whenever x G B" is such that the ball Br{0) C Bs{x) and 
r < s < 00, which proves the result for k = 1. 

To complete the induction argument, we assume the result is true for 
k — 1 and then prove for k. For this, consider the function 



h{y) = a{p)Yk{uj) 



2\n+i-2 



P 



,n+k-2 



-Y,(uj) 
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for each i, 1 < i < k. Using Lemma [3.4( i) and the case {k — 1), it follows 
that 



{A2-k-na)ip)Yk^i{uj) 



2\n+i-2 



P 



in+fc— 3 



-Ifc-iH e Z(Ann(r, oo)). 



Applying Lemma I3.4( ii). it follows that Ckh{y) = {Ak^iA2^k~n){(i,)Yk{Lj) 
belongs to Z(Ann(r, oo)). Since we know that 

Ckh{y) = Lyh{y) -A{k-l){n + k- 2)h{y), 

therefore, evaluating mean and using Darboux's equation, we obtain 

Cs{Msh{x)) -4:{k-l){n + k- 2)M,/i(x) = 0, 

whenever x G B" is such that the ball Br{0) C Bs{x) and r < s < oo. Let 
x) = Msh{x). For fixed x, Fk as a function of s satisfies the differential 
equation 



[n — 1) coths 



A{k - l){n + k - 2)Fk = 0. 



ds"^ ds 
Using the change of variable z = — sinh^ t, the above equation becomes 



, d'^ Fi. , . . - dFi. 
■Az{l-z)—^-2{n-in+l)z}- 



4:{k-l){n + k-2)Fk = 0. (4.1^ 



dz"^ dz 
Comparing this equation with fl 4.12 p . we have 7 = |,a + /5 + l = a/3 = 
-^k-l){n+k-2). On solving, we find a-/? = ±v,v = V("-i)^+4(fc-i)(n +fc-2) _ 
Clearly, z/ ^ Z. Therefore, solution of fl 4.18 p as \z\ oo is given by 

Fk{z, x) = Ai(x)2-" + \2{x)z-l' + O (^""-1) + O (2-^-1) , (4.19) 



n-l+2v 
4 ' 



/5 



n-l~2u 



where a 
h, one can find 



Using z = — sinh^ s, it follows that 



. But from the given expression of function 



Msh{x) = O ( a(tanh 



as s ^ oo. 



a(tanh ■ 



2' 



n+i-2 



(1 + v/ITR) 



k—i 



\Z\ 2 



That is. 



Fk{z, x) = 0{z 2 ), z = 1, ■ ■ ■ , n as l^l 



oo. 
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In view of (1 4.19 I) , we infer that Fk{z,x) = 0, whenever \z\ > sinh^r. Thus 
Msh{x) = 0, whenever x G B*^ is such that the ball Br{0) C Bs{x) and 
r < s < oo, which proves the result for any positive integer k. This completes 
the proof. □ 

As a corollary of Theorem 11.21 we have the following Helgason support 
theorem ( see [H], p. 156). 

Theorem 4.3. Let f be a function on B". Suppose for each m G Z"*", the 
function e*"""^^'' is bounded. Then f is supported in closed geodesic ball 

Br{0) if and only if f & Z{Ann{r, oo)). 

Proof. The decay condition on function / implies that for all k and j, afcj(|x|) = 
0, whenever |x| > tanh|. This proves / is supported in the ball Br{0). □ 
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